In this paper we consider particular generalized compositions of a natural number with a given number of parts. Its number is a weighted polynomial coefficient. The number of all generalized compositions of a natural number is a weighted r-generalized Fibonacci number. A relationship between these two numbers will be derived.
Introduction
Weighted r-generalized Fibonacci numbers and weighted polynomial coefficients are defined by M. Schork, [2] , to be a generalization of the well-known formula that expresses Fibonacci numbers in terms of the binomial coefficients. This formula may also be interpreted as a connection between all compositions of a natural number n, of a certain kind, and the number of compositions of n of the same kind with a fixed number of parts. Namely, Fibonacci numbers count the compositions of the natural numbers in which each part is either 1 or 2. On the other hand, we shall show that the binomial coefficients count the compositions of the same kind into a given number of parts.
Generalized compositions are considered by M. Janjić, in [1] . They are defined as the compositions when there are different types of each natural number. In this paper we consider the generalized compositions with a given number of parts. We show that the weighted r-generalized Fibonacci numbers count the numbers of all generalized compositions. Also, the weighted polynomial coefficients count the number of generalized compositions of the same kind into a given number of parts.
A formula which connects the weighted r-generalized Fibonacci numbers with the weighted polynomial coefficients is derived. The formula extends the above mentioned relationship between Fibonacci numbers and the binomial coefficients.
Note that our results are self contained, depending neither on the results in [1] nor on the results in [2] .
Generalized Compositions, Weighted Fibonacci
Numbers and Weighted Polynomial Coefficients
. . , b r ) be a finite sequence of nonnegative integers, and let k, n be positive integers. The compositions of n into k parts, under the condition that there are b 1 different types of 1, b 2 different types of 2, and so on, will be called generalized compositions of n into k parts. We let C (r) (k, n) denote its number.
In the following proposition we state some simple properties of such compositions.
Proposition 1.
The following equations are true:
Proof. All equations are easy to verify.
Proposition 2.
The following recursion is true:
Proof. Equation (1) is true since there are
. . , n − k + 1) generalized compositions ending with one of the i's.
Following [2] , we denote
are called weighted polynomial coefficients.
Theorem 1.
The following formula is true.
Proof. We use induction with respect to k. For k = 1 we have
According to Proposition 1 we have c
and the assertion is true for k = 1. Assume that k > 1, and that the assertion is true for k − 1. According to the obvious fact that
and using the induction hypothesis we may write equation (1) in the form:
Case 1. n ≥ r − 1.
Comparing the terms of x n in (2) we obtain
According to (1) we have
. Case 2. n < r − 1. We again compare the terms of x n in (2) to obtain
and the assertion is again true according to (1) .
is the number of standard compositions of n into k parts which are either 1 or 2. We would like to show that this number is a binomial coefficient. Theorem 2. Let k be a positive integer, let n a nonnegative integer, and let b = (1, 1, 0, 0, . . .). Then
Proof. We firstly have
1 (2) = 1. Using induction, the recursion
which is the well-known recursion for the binomial coefficients.
It is a well-known fact that F n+1 is the number of all compositions of n into parts which are either 1 or 2. This fact and the preceding corollary give a natural connection between Fibonacci numbers and the binomial coefficients. Namely, we have the following well-known result:
Theorem 3. Let n be a positive integer. Then
Proof. The assertion follows from Corollary 2 and the fact that:
Now, we are going to generalize this formula on the r-generalized Fibonacci numbers and the weighted polynomial coefficients.
Let b = (b 1 , b 2 , . . . , b r ) be a sequence of nonnegative integers. We let F Proposition 3. Let n, r be positive integers. If n ≥ r, then
Proof. Both formulas are true according to the fact that there are b 1 F (r)b n−1 generalized compositions ending by one of the 1's, and so on. We shall now show that Theorem 3 is a consequence of Theorem 4. Take r = 2, and b 1 = b 2 = 1. Then the formulas in Proposition 3 have the form:
n−2 , with the initial conditions given by
This is the recursion for Fibonacci numbers, shifted for 1 forward. Since 
